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^ ■ Abstract 

| The aim of this paper is to present unifying proofs for results in 

geometric quantisation by exploring the existence of symplectic circle 

^ . actions. It provides an extension of Rawnsley's results on the Kostant 

C/3 ! complex, and gives another proof for Sniatycki's and Hamilton's the- 

c| ' orems; as well, a partial result for the focus-focus contribution to 

i > ■ ... 
■ geometric quantisation. 
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1 Introduction 

Geometric quantisation tries to associate a Hilbert space to a symplectic 
manifold via a complex line bundle. Although it is possible to describe the 
canonical quantisation using this language, most of the difficulties arise when 
one tries to mimic this procedure for symplectic manifolds which are not 
naturally cotangent bundles. Those appear in the context of reduction and 
are far from being artificial mathematical models. 

The first difficulty is to isolate in a global way position and momentum, 
in order to define wave functions as sections of a complex line bundle over 
the symplectic manifold. The second issue, that will not be address here, is 
how to define a Hilbert structure; however, all examples treated in this paper 
have a natural one. 

As suggested by Kostant, wave functions will be associated to elements of 
higher cohomology groups and the quantum phase space will be built from 
these groups. Although the honest-to-goodness quantum phase space will 
not be constructed. 

At least two approaches can be used to compute the cohomology groups: 
Cech and de Rham. The results of Hamilton [3] and Hamilton and Miranda 
[I] are based on a Cech approach. Here a de Rham approach, as in [SI E] , is 
used: by finding a resolution for the sheaf, as suggested in [I] . 

This paper follows closely Rawnsley's ideas [7] and explores the existence 
of circle actions to provide an alternative proof for the theorems of Sniatycki 
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[S] and Hamilton [3 J . The tools developed here highlight and unravel the role 
played by symplectic circle actions in known results in geometric quantisa- 
tion. Not only that, this approach casts some light on a conjecture about 
the contributions coming from focus-focus type of singularities. 

Throughout this paper and otherwise stated, all the objects considered 
will be C°°; manifolds are real, Hausdorff, paracompact and connected; 
C°°(V) denotes the set of complex valued functions over V; and the units 
are such that h = 1. 

1.1 Acknowledgements 

There is no way to overemphasise the importance of Eva Miranda in this 
work: she introduced the author of this paper to the subject, and also read 
and commented on drafts of the paper. 

2 Geometric quantisation 

2.1 Prequantisation 

This subsection deals with some concepts needed to define wave functions. 
The first attempt was to see them as sections of a complex line bundle over 
the symplectic manifold, the so-called prequantum line bundle. The other 
notion described here, the polarisation, is a way to define a global distinction 
between momentum and position. 

Definition 2.1. A symplectic manifold (M,u) such that [u] is integral is 
called prequantisable. A prequantum line bundle of (M, u) is a hermitian 
line bundle over M with connection, compatible with the hermitian structure, 
(L, V w ) that satisfies curviV^ 1 ) = —iu. 

Example 2.1. Any exact symplectic manifold satisfies [u] = 0, in particular: 
cotangent bundles with the canonical symplectic structure. In that case the 
trivial line bundle is an example of a prequantum line bundle. 

The following theorerrQ [5] provides a relation between the above defini- 
tions: 

Theorem 2.1 (Kostant). A symplectic manifold (M,u) admits a prequan- 
tum line bundle (L, V w ) if and only if it is prequantisable. 

1 This result is also attributed to Andre Weil, Introduction a l'etude des varietes 
kahleriennes (1958). 
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Lemma 2.1. The potential 1-forms of V w for each unitary section defined 
in a subset of M are cohomologous. Conversely, if there is an unitary section 
over a subset of M, any 1-form which is cohomologous to the potential 1-form 
of V w is the potential 1-form of an unitary section. Moreover, any subset of 
M where u = dO has an unitary section such that 9 is its potential 1-form. 

Proof: Let s and r be two unitary sections defined over N C M, and 
and $ the associated potential 1-forms. If s = e l *r for some real valued 
/ G C°°(N), then 

-iQ <g> 8 = V w s = V u (e if r) = [de^ - ie if &] ®r = -i[-df + ■&] <g> e if r => 

0-6 = d/. (1) 

Conversely, by the same computation, if s has = d — df as potential 
1-form, then r = e~ l *s is a unitary section having d as potential 1-form. 

For oj = d6 over N C M, let ^4 = {A,} je / be a contractible open cover 
of N such that each Aj is a local trivialisation of L with unitary section Sj 
(this can always be obtained, e.g. using a convenient cover made of balls 
with respect to a riemannian metric). Each unitary section Sj has 0j as a 
potential 1-form of V w and since 

curv(V u )\ Ai = -id9\ Aj = -idGj => (2) 

there exists real valued functions fj G C°°(A,) such that 0^ = 0j — dfj. By 
the above argument, the unitary sections r 3 - = e~^ j Sj have as potential 
1-forms. 

Any two sections rj and such that AjflAfe 7^ share the same potential 
1-form, and because of that, they differ by a nonzero constant function, 
r j = c jk r k at Aj n Afc. Trivially, Cjk can be extended to the same constant 
over A k , and C0\ is a section defined over A k such that its restriction to 
Aj fl A fe is exactly r,-, and it still has 6 l | /lfe as potential 1-form. Hence, they 
can be glued together, using the gluing condition of sheaves, to a unitary 
section r defined over iV and having 9 as potential 1-form. ■ 

A real polarisation V is an integrable subbundle of TM whose leaves are 
lagrangian submanifolds. But due to the example below, another definition 
is considered. 

For an integrable system F : M 2n — > R n on a symplectic manifold, the Li- 
ouville integrability condition implies that the distribution of the hamiltonian 
vector fields of the components of the moment map generates a lagrangian 
foliation (possible) with singularities. This is an example of a generalised 
real polarisation, i.e.: an integrable distribution on TM whose leaves are 
lagrangian submanifolds, except for some singular leaves. 
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Definition 2.2. A real polarisation V is an integrable (in the Sussmann's 
FTUf sense) distribution ofTM whose leaves are generically lagrangian. The 
complexification ofV is denoted by P and will be called polarisation. 

From now on (L, V w ) will be a prequantum line bundle and P the com- 
plexification of a real polarisation of (M,u). 

2.2 Geometric quantisation a la Kostant 

The original idea of geometric quantisation is to associate a Hilbert space 
to a symplectic manifold via a prequantum line bundle and a polarisation. 
Usually this is done using flat global sections of the line bundle. In case these 
global sections do not exist, one can define geometric quantisation via higher 
cohomology groups by considering cohomology with coefficients in the sheaf 
of flat sections. 

The existence of global flat sections is a nontrivial matter. Actually 
Rawnsley [7j (and also proposition 14.31 in this paper) showed that the ex- 
istence of a ^-action may be an obstruction for the existence of nonzero 
global flat sections. 

In order to use flat sections as analogue for wave functions one is forced 
to work with delta functions with support over Bohr-Sommerfeld leaves, or 
deal with sheaves and higher order cohomology groups. Both approaches can 
be found in the literature^, but here only the sheaf approach is treated: as 
suggested by Kostant. 

Definition 2.3. Let J denotes the space of local sections s of a prequantum 
line bundle L such that V^s = for all vector fields X of a polarisation 
P. The space J has the structure of a sheaf and it is called the sheaf of flat 
sections. 

Considering the triplet prequantisable symplectic manifold (M, ou), pre- 
quantum line bundle (L, V^), and polarisation P: 

Definition 2.4. The quantisation of (M, u, L, V^, P) is given by 

Q(M) = Q)H k (M;J) , (3) 

fc>0 

where H k (M;J) are Cech cohomology groups with values in the sheaf J . In 
this case, one implicitly assumes the extra structures and calls M a quantis- 
able manifold. 

2 Rawnsley cites works of Simms, Sniatycki and Keller in [7]. 
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Remark 2.1. Even though Q(M) is just a vector space and a priori^ has no 
Hilbert structure, it will be called quantisation. The true quantisation of the 
triplet (M, u, L, V w , P) shall be the completion of the vector space Q(M), 
after a Hilbert structure is given, together with a Lie algebra homomorphism 
(possibly defined over a small set) between the Poisson algebra of C°°(M) 
and operators on the Hilbert space. In spite of the problems that may exist 
in order to define geometric quantisation using Q(M), the first step is to 
compute this vector space. 

Remark 2.2. Flat sections behave in a different fashion for the Kahler case. 
This paper does not deal with this case, however much can be found in the 
literature (e.g.: [21 [3] and references therein). 

3 Resolution approach 

Following Rawnsley [7J , given a prequantisable symplectic manifold with 
polarisation, it is possible to construct a fine resolution for the sheaf of flat 
sections. The propositions contained in this section are extensions of the 
results in [7J; it is mainly an opportunity to fix notation, the replacement 
of a subbundle of TM by an integral distribution offers no obstruction and, 
therefore, proofs are omitted. 

The restriction of the connection V w to the polarisation induces a linear 
operator 

V : T(L) r(P*) ® C ~(M) T{L) (4) 
satisfying (by definition) the following property: 

V(/s) = d P f ® s + fVs , (5) 

for / G C°°(M) and s G T(L), where dp is the restriction of the exterior 
derivative to the distribution directions. 

Remark 3.1. Although P is not a subbundle of TM C when it is singular, 
for the sake of simplicity, the same notation for vector bundles will be used 
for it: T(P) = (Xi, . . . , X n )c^(M)i where X 1 , . . . , X n G Y{TM) generates 
the real distribution V, and T(/\ k P*) is the space of smooth alternating 
C°°(M)-multilinear maps from the Cartesian product of k copies of T(P) to 

c°°\m). 

3 As previously mentioned, for the concrete cases presented in this paper Q(M) does 
admit Hilbert structures. 
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Definition 3.1. The space of line bundle valued polarised forms is S P *(L) = 
Q)S k P (L), where S k (L) = P*) ® c =o (M) F(L). 

k>0 

Wherefore, V : S P (L) — > Sp(L) and Sp*(L) has a module structure, 
which enables an extension of V to a derivation of degree 1 on the space of 
line bundle valued polarised forms, as follows: 

Definition 3.2. Denoting T(/\ k P*) by tt k P (M), Q P '(M) = 0fip(M) is 

k>0 

the space of polarised forms. 

If a G n k P (M) and (3 = f3 <g> s e S l P (L), 

aA(3 = aA(f3®s) = (aA(3)®s (6) 

defines a left multiplication of the ring Vl P '(M) on S P '{L). 

Definition 3.3. The derivation on S P '(L) is given by the degree +1 map 
d v : S P '(L) 5 P *(L), 

d v /3 = d v (/3®s) = dp/3 ® s + A Vs . (7) 

Proposition 3.1. If a e fl k P (M) and (3 e S l P (L), then 

d v (o A/3) = d P o Af3 + (-l) k a A d v /3 , (8) 

and 

d v od v (3 = curviV^p A (3 . (9) 
Since cu = i curv(V w ) vanishes along P, d v o d v = 0: 
Corollary 3.1. d v is a coboundary operator. 

Remark 3.2. The only property of L being used in this paper is the existence 
of flat connections along P; any complex line bundle would do, not only a 
prequantum one. In particular: the tensor product between a prequantum 
line bundle and a bundle of half forms normal to P — the results here work 
if metaplectic correction is included. 

If Sp(L) denotes the associated sheaf of S P (L), one can extend d v to 
a homomorphism of sheaves, d v : S P (L) ->■ S k p +1 (L). S P (L) = S, the 
sheaf of sections of the line bundle L, and J is isomorphic to the kernel of 
d v : S — > Sp(L). Because d v o d v = 0, one is able to build a sequence. 
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Definition 3.4. The Kostant complex is 

0->J4SA4(L)A^A5P(I)Ao. (10) 

The sheaves S P (L) are fine; T(L) and Q P (M) are free modules over the 
ring of functions of M, and by that, they admit partition of unity. Hence, 
via a Poincare lemma, the abstract de Rham theorem [1] offers a proof for 
the following: 

Theorem 3.1. The Kostant complex is a fine resolution for J . Therefore, 
each of its cohomology groups, H k (Sp'(L)) , are isomorphic to H k (M\J). 

Remark 3.3. There are particular situations in which a Poincare lemma is 
available, and only in these cases theorem 13. II holds. This is true^when V is 
a subbundle of TM, and it can be extended to a more general setting, as it is 
announced in [H] . Using symplectic circle actions, this paper provides a proof 
when V is given by a locally toric singular lagrangian fibration (subsection 
16. 7p or an almost toric fibration in dimension 4 (subsection 16. 8p . 

As expected, the notions of interior product and Lie derivative are avail- 
able for Sp'(L). The Lie derivative can be seen as a derivation along a flow, 
but for that, a nontrivial notion of pullback is needed. 

Definition 3.5. The contraction between line bundle valued polarised forms 
and sections of P is given by a map i : T(P) x Sp'(L) — >■ Sp*(L), which is 
a degree -1 map on Sp'(L), i.e.: for each X e T(P) and (3 = (3 £g> s G S l P (L) 
it holds that 

i x (y s ) = v x s , (ii) 

ixP = ix(P®s) = {i x P)®s . (12) 

Proposition 3.2. If X e T(P), a e Vt P (M) and (3 e S l P (L), theni x oi x = 
and 

i x (aAf3) = (i x a)A/3+(-l) k aAi x (3. (13) 

Using Cartan's magic formula it is possible to define a Lie derivative on 
Sp'(L): 

Definition 3.6. The Lie derivative <£ v : T(P) x Sp'(L) — > Sp'(L) is defined 
by: 

£ x ((3) = i x od v (3 + d v d x (3 . (14) 
Proposition 3.3. The Lie derivative <£ v commutes with the derivation d v . 
4 Both Sniatycki and Rawnsley attribute this to Kostant, a proof is provided in [7 . 
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For Qp(M) the pullback still makes sense if one restricts to diffeomor- 
phisms that preserve the polarisation P, but problems arise when one twists 
it with T(L). A way to compare elements of L is by parallel transport, which 
in general is path dependent. When it does not, the pullback on Sp'(L) is 
well-defined (for diffeomorphisms that preserve the polarisation). When it 
depends on the path, it is possible to make sense of pullbacks over paths. 

Now, if X G r(P) its flow <p t already encodes both a curve and a diffeo- 
morphism: 

Definition 3.7. The pullback 4>* t of ct = a <8> s G S P (L) is defined by 

^a = (0»®n 0t 1 ( S o0 4 ) ; (15) 

where, by the bundle automorphism property of the parallel transport, n^ t ( p ) 
denotes the parallel transport between p and 4>t{p) through the integral curve 
of the flow. 

The following proposition justifies, somehow, the choices made for the 
interior product and pullback. 

Proposition 3.4. The Lie derivative £ v can be characterised by 

Corollary 3.2. The Lie derivative £\ commutes with the pullback <f>* t . 

Proposition 3.5. If X G T(P) with flow <f> t> a G Q k P {M) and (3 G S l P {L), 
then 

#(aA/3) = (#ar)A#03) , (17) 
and the pullback <f)* t commutes with d v . 



(16) 



4 Circle actions and homotopy operators 

This section explains the construction of an almost homotopy operator 
for the Kostant complex when one has a symplectic S^-action, and how this 
implies the vanishing of the stalks of points with nontrivial holonomy. Most 
results of this section were previously provided in [7] with slightly less general 
hypothesis; some proofs automatically hold (propositions 14.1} 14.21 and |4.3j) . 
but one (lemma 14. 2\ had to be adapted. 

Let X G r(P) be a generator of a symplectic ^-action. If <f> t stands for 
the flow of X at time t, it is possible to define an induced action on S P (L) 
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by (f> t *. Denoting by per (7) the period^ of the closed orbit 7 (eventually 
constant in the case of a fixed point) of X, it holds that: 

</> P er( 7 )*(a®s) = 4>* pel(ri) a®tt^ 6iM {so(f> pei{l) ) = a ®[Q(jy 1 s} = Q{^Y X ol , 
(5(7) is the holonomy of 7, and 

/P er (7) J 
— {(foot) dt 



l dS^ s =o dt = l d^ :( # a 



P cr (7) ^ 



dt 

s=0 



/■per( 7 ) _ / , per(7) 

= / £x{<t>t<x) dt = / [i x od v + d v o *jr](#a) dt 

(/•per(7) \ / pperfr) N 

y d v (0» dt J + d v o i x I y a dt 

Using that the pullback commutes with the derivative (proposition 13.51) one 
gets from the last equation 

(/•per(7) \ / /■perfr) 

y^ ^(d v «)dtj+d v oi x iy o ^ 

which resembles the equation satisfied by a homotopy operator. 



4 a dt 



/ /-per(7) 




1 ' 


)*a dt 1 







Proposition 4.1. The expression Jx(ct) = ix 
degree —1 derivation on Sp'(L). 

Proof: Propositions 13.21 and 13.51 imply that J x is a derivation, and the 
degree comes from the fact that ix has degree — 1. ■ 

The equation [TS] implies that J x satisfies 

[Q{lY l ~ l]a = Jx(d v a) + d v J x (a) , (19) 
for any ct G S P (L) if > 1, whilst for k = it becomes 

[Q( 7 )- 1 -l]a = J x (d v a) , (20) 
since 5'p 1 (L) is empty and J x has degree —1. 



5 Indeed, per(7) G C°°(M): for each p S M the function per(7) gives the period of the 
orbit of X passing through p. 
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Proposition 4.2. d v [Q( 7 ) _1 - l]a = - l]d v a for any a G S k P {L), 

hence Q(j) is constant along P. 

Proof: It is a direct consequence of equation [19j 

d V [Q(7) _1 - l]a = d v [Jx(d v a) + d v J x (a)] = d v J x (d v a) , (21) 
[Q( 7 ) _1 - l]d v a = J x (d v o d v a) + d v J x (d v a) = d v J x (d v a) . (22) 



Lemma 4.1. Let X be the generator of a symplectic S 1 -action with orbits 
7, then its holonomy can be computed by 

Q( 7 ) = e *P"<rtMX) ; (23) 
where 8 is a particular invariant potential 1-form for u in a neighbourhood 

oil- 

Proof: Weinstein's theorem for isotropic embeddings [llj asserts that in 
a neighbourhood N of an orbit 7 the symplectic form is exact, u = d8 — the 
potential 1-form can be chosen invariant by averaging it with respect to the 
flow of X. Let s G T(L| Ar ) be the unitary section given by lemma I27L1 which 
has 9 as the potential 1-form for V. 

The parallel transport of a section r = /s£ r(L „) is given by 

r o 7 (t) = j /<? W))d*' r o 7 (0) . (24) 
Indeed, V x r = X(f)s-ii9(X)s and X 7(t) = 7 (t), thus X(f) ^ = £/o 7 (t), 

V 7(t) r = -/ o 7 (*)s o 7 (t) - if o 7 (t)0( 7 (t))s o 7 (t) (25) 
and the parallel transport equation becomes 

^/o 7 (t)=i/o 7 (t)0(7(t)) (26) 
/o 7 (0) = [so 7 (0)]- 1 ro 7 (0) 

Cartan's magic formula and the invariance of # give: 

= £ x (6) = i x d6 + d(t x 0) t x uj = -d6(X) , (27) 

wherefore, near 7, the action is hamiltonian, and 0(X) is its hamiltonian 
function. In particular, since 7 is an integral curve of the hamiltonian flow, 
8(j(t)) is constant; 

r o 7 (t) = e* te(x) r o 7 (0) , (28) 
proving the desired result when t = per (7). ■ 
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Proposition 4.3. Supposing that (M,u) admits a symplectic S 1 -action pre- 
serving P, flat sections of L vanish if the holonomy of the orbits of the circle 
action is nontrivial over a dense set. 



Proof: Let s G T(L) be a flat section, Vs = 0. By ([2"0]) [Q( 7 ) 1 - l]s = 
and on the dense set where Q(j) ^ 1 the flat section vanishes. Consequently, 



Lemma 4.2. Under the hypothesis that {Q{^) ^ 1} is dense, a form ex G 
Sp(L) vanishes where Q( 7 ) = 1 if and only if there exists a (3 G S P (L) such 
that a = [Q^y 1 - 1](3. 

Proof: If a. = [Q( / y)~ 1 — l]/3 it is obvious that a vanishes where Q("y) = 1. 
If the converse holds for functions on M, in any trivialising neighbourhood 
A with unitary section s and coordinates (zi, . . . , z% n ) the form ck can be 
expressed by 



Moreover, ol = at {^(7) = 1} if and only if all the functions cij 1 ....j k vanish 
on An {Q(7) = 1}. Hence, there exists functions Pj u ...j k such that a^...^ = 
[Q{l)~ ~ l]/5j lr ..j t . M can be covered by trivialising neighbourhoods and 
the local functions (3j lt ...j k piece together to give the desired (3 G S P (L). 

Therefore, given / G C°°(A) satisfying /Un{Q(7)=i} = one must con- 
struct a g G C°°{A) such that / = [Q{iY l - l)g. 

For points where 1 is a regular value of Q( 7 ), theorem 4 in [7] proves that 
this expression holds for functions. On the other hand, lemma 14.11 implies 
that critical points of ^(7) are fixed points of the S^-action, and that locally 
(5(7) = e 2mh for some function h. 

By shrinking A, and possibly changing h by a constant, one can assume 
that only 0, and no other integer, satisfies A R /?- -1 ({0}) 7^ 0. With the aid 
of any riemannian metric on A, the gradient of h and the flow tp t of —hZ, 
the vector field Z = grad(/i) times minus h, are used to define a function 



there are no nonzero flat sections. 




a 



'h,...,j k (zi, z 2n )dz jl A • • • A dzj k ® s . 



(29) 



= 




(30) 



Indeed, for h = 




(31) 
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and for h 7^ 



- 2 ,m ^ Qd)' 1 - 1 



-2mth df = ^KU / 32 x 

-2vri/i V ; 



Thus the denominator in expression [30] never vanishes, whilst 

poo poo 

/ Z(f O ^) dt - / o <p t ) dt 

„ _ Jo _ Jo 



2^[Q( 7 )- 1 - l)/[-2mh] Q( 7 )- 1 - 1 

r° d 

/ -/o^dt /-lim/o^ 

Joo ut t^oo 



(33) 



Q( 7 )- 1 - 1 Qd)- 1 - 1 

Since the limit lim tptip) is a fixed point for any point p G A and 

t— >oo 

/Un{Q( 7) =i} = 0, on A n {Q( 7 ) ^ 1} it holds that / = [Q^)" 1 - % 
By continuity of /, g and density of {Q( 7 ) 7^ 1} this must be true over all A. 
■ 

Proposition 4.4. Let a G S P (L) be closed, d v a = 0, and /c 7^ 0. 

• T/ie /orm ex. is exact everywhere Q( 7 ) 7^ 1. is a/so globally exact if 
{Q{l) 7^ 1} ^s Cerise and J x (cx) = where Q(j) = 1. 

• When {Q(j) = 1} is a (not necessarily connected) submanifold, if a 
is exact on M, i/ien Jx{ol) |{q( )-n ^ s exac ^>' ^ e converse holds if 
{Q{j) 7^ 1} is dense. 

Proof: At points satisfying Q( 7 ) 7^ 1 a (k — l)-form (3 is well defined by 

Proposition 14.21 and equation [191 together with the hypothesis of a being 
closed, imply that d v /3 = a. In other words, Jx/lQil)^ 1 — 1] is a homotopy 
operator where Q( 7 ) 7^ 1. 

For J x{ol) = at {Q("y) = 1}, lemma 1421 gives a cr G Sp 1 ^) such that 
Jx(ck) = [Q( 7 ) _1 — 1]<t, therefore, (3 is again well defined by the expression 



Assuming that {Q(j) = 1} is a submanifold, one consequence of propo- 
sition H72] (as it was observed in [7j) is that the polarisation is tangent to it, 
and all definitions make sense with M replaced by {Q( 7 ) = 1}. 

If a = d v /3, by applying equation [19], 

Jxipt) = J x o d v /3 = [QinY 1 - l]d v /3 - d v o J x {(3) ■ (35) 



13 



and Jx(oc) , „ is exact. 



Conversely, if Jx(ot) [ {Q(-y)— 1} = l{Q(7)=i}^' ^king an extension 77 G 
Sp~ 2 (L) of C, the formula (Jx(ot) - d v r])\ {Q{ ^ =1} = holds and lemma [O 

—the density of {Q(j) 7^ 1} is assumed — provides a/3 6 S'p~ 1 (L) such that 
Jx(ck) — d v r7 = [Qi^y 1 — l]/3. Proposition 14.21 implies that 

d v o J x ( a ) = d v ([Q( 7 )- 1 - 1](3) = [Q(t)- 1 - l]d v /3 , (36) 

but equation [191 reads 

d v oJ x (a) = [Q( 7 )- 1 -l]a, (37) 

thus d v /3 = a holds where Q( 7 ) 7^ 1. Since d v /3 is everywhere defined, if 
{Q(l) 7^ 1} is a dense set, a. must be exact. ■ 

This proposition is a key tool to prove that the Kostant complex is a 
fine resolution, theorem 13.11 when the (singular) polarisation comes from an 
almost or locally toric structure. 



5 The Bohr-Sommerfeld condition 

The following definition plays a very important role in the computation 
of the cohomology groups appearing in geometric quantisation: 

Definition 5.1. A leaf I of P is a Bohr-Sommerfeld leaf% if there exists a 
nonzero section s : i — >■ L such that Vjs = for any vector field X of P 
restricted to £. 

Example 5.1. The cotangent bundle of the circle with the canonical sym- 
plectic structure: M = R, x S 1 and u = dx A dy in cylindrical coordinates 
(x,y). L the trivial bundle with connection 1-form = xdy with respect 
to e ix and V — (^}. Flat sections satisfy V x s = ds(X) - iQ(X)s = 0. 
Hence s(x,y) = f{x)e lxy 1 for some function /, and Bohr-Sommerfeld leaves 
are given by the condition x G Z. 



Proposition 5.1. A leaf I of P is a Bohr-Sommerfeld leaf if and only if 
(5(7) = 1 for any loop on a connected component of I. 

6 Fibres which are composed of an union of Bohr-Sommerfeld leaves are called Bohr- 
Sommerfeld hbres. 
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Proof: In a Bohr-Sommerfeld leaf £ the nonzero section s can be used to 
define a potential 1-form of the connection on the whole leaf. The potential 
1-form vanishes on £, since = Vxs = iO(X)s. Thus if 7 is a loop on £, by 

equation [Ml Q(j) = e iJ -< e = 1. 

Now supposing that £^(7) = 1 for any loop on a connected component of 
a leaf I of P, for any point pel and a nonzero s p G L p (the fibre of L over 
p) it is possible to define a nonzero section s over £ by parallel transport, i.e.: 
s(q) = Il 7l (sp), where 71 is any curve connecting p and q G I. The section 
is well-defined because if 72 is another curve connecting p and q, and 7 the 
loop formed by composing 72 and 7^ , 

= QfrM?) = n 7 (s(<?)) = n 72 o [n^]- 1 ^)) 

= n 72 o [ng- 1 o n 71 ( Sp ) = n 72 ( Sp ) . (38) 

The parallel transport respects the hermitian product, and this guarantees 
that the section defined in this way is nonzero. ■ 

There is a stronger characterisation for the Bohr-Sommerfeld leaves in 
the case of integrable systems. 

Theorem 5.1. Under the assumption that the zero fibre is Bohr-Sommerfeld, 
the image of Bohr-Sommerfeld fibres by a nondegenerat^ moment map is 
contained in R n ~ k x Z fc ; k being the number of linearly independent hamil- 
tonian S 1 -actions generated by the moment map. Furthermore, the image of 
singular fibres is contained in a discrete set. 

Proof: The Liouville tori case was proved by Guillemin and Sternberg in 
[2] — their theorem holds for lagrangian fibrations with compact connected 
fibres over simply connected basis. Lemma 14.11 and proposition 15.11 imply 
that over a Bohr-Sommerfeld fibre each component of the moment map gen- 
erating a S^-action takes an integer value, depending only on the fibre. It is 
consequence of nondegeneracy that the image of singular fibres is contained 
in a discrete set, the Morse-Bott condition insures it. ■ 

Example 5.2. For toric manifolds the Bohr-Sommerfeld fibres are the in- 
verse image by the moment map of integer lattice points in the polytope, 
with regular ones inside the polytope. 

7 A moment map is nondegenerate when all of its critical points are nondegenerate in 
the Morse-Bott sense. The reader is referred to [THH] f° r precise definition and properties. 
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6 Applications I: local and semilocal compu- 
tations 



6.1 The cylinder: polarisation by circles 

Recalling example 15.11 (M = R, x S 1 , u = dx A dy), L the trivial bundle 
with connection 1-form B = xdy (with respect to the unitary section e a ), 

and P =<|;}. 

The hamiltonian vector field X = generates a ^-action, and the 
holonomy of its orbits is given by Q{^) = e i27rx (lemma fl~2| for S 1 = R/27rZ). 
Since Bohr- Sommerf eld leaves satisfy i6Z, the holonomy is nontrivial in a 
dense set of M and proposition 14.31 holds. Hence, applying theorem I3.1[ one 
gets H°(M; J) = {0}. 

Moreover, proposition U3]and theorem 13 .ll can be applied implying H l (V; j\ 
{0}, I > 1, for each neighbourhood V = (a,b) x S 1 that does not contain a 
Bohr-Sommerfeld leaf. 

Let £k be the inverse image by the height function of the point x — k G Z. 
Wherefore, £k — S 1 is a Bohr-Sommerfeld leaf and {(5(7) = 1} = £k- 

It is possibkEI to define a linear map ^ : Sp(L) — > ^^T(L\ ik ) by: 

fcez 

= ®kezJx(a) . (39) 

Because the dimension of M is 2, Sp(L) = {0} for I > 2; and for any 
a G Sp(L), equation [T9l reads 

V o J x (a) = [Q^r 1 - l]a =4> V x *(a) = . (40) 

Thus the image of \1/ is contained in the set of flat sections over Bohr- 
Sommerfeld leaves. 

Conversely, given ®kew,Sk G r(L|£ fc ), where s fc are flat sections (Vx^k = 

k€Z 

0), there exists s G T(L) such that s|^ fc = Sk for each A; G Z, due the closed- 

ness of Lemma [4.21 implies the existence of an a. G Sp(L) satisfying 

kez 

V* = [Q^y 1 - l]a =s> [g(T)- 1 - 1] Jx(a) = Jx(Vs) = [Q^)" 1 - l]s . 

(41) 



s This construction is due to Rawnsley [7]. 
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By density and continuity J x{ol) = s, hence, the image of \& is the set of 
flat sections over Bohr-Sommerfeld leaves. 

Proposition 14.41 asserts that ker\l/ = V(T(L)), and the first isomorphism 
theorem 

S P (L) — > *(SUL)) 

i / (42) 

S P (L)/kex^ 

implies that H l (M; J) = 0C; the ring of flat sections over is isomorphic 
to C (see example 15.11) . 

Proposition 6.1. The quantisation of a cylinder polarised by circles is C 6s ; 
where b s is the number of Bohr-Sommerfeld leaves. 

6.2 The complex plane: polarisation by circles 

Let (M = C, oo = dx A dy) and F : M — > R be a nondegenerate in- 
tegrable system of elliptic type, i.e.: F(x,y) = x 2 + y 2 . For this case, 
the real polarisation is V = {—y-§^ + x ~§^) an d the hamiltonian vector field 
X = —2y-^ + 2xJ^ is the generator of a S^-action; its periodic flow is given 
by (f)t(x, y) = (x cos2t — ysin 2t, x sin 2t + y cos2t). 

As in the previous cases, (M, u) is an exact symplectic manifold and 
the trivial line bundle is a prequantum line bundle for it: L = C x C with 
connection 1-form 6 = \{xdy — ydx) with respect to the unitary section 

The holonomy of the orbits of X is Q("f) = e t2n ( x2+y2 \ lemma fl~2l Where- 
fore, it is clear that {Q(t) 7^ 1} is a dense set and proposition 14.31 can be 
applied to prove that H°(Sp'(L)) = 0. 

The set {(3(7) = 1} is the union of the origin and concentric circles of 
integer radius, and since the origin is a fixed point, the operator J x is the 
null operator when restricted to the origin. Hence proposition 14.41 applied for 
each contractible neighbourhood of the origin that does not contain any other 
Bohr-Sommerfeld leaf, implies that elliptic singularities give no contribution 
to quantisation — this was first proved in [5] using different techniques. In 
other words: theorem 13.11 holds in this particular setting. 

Proposition 6.2. The quantisation of an open disk polarised by circles is 
<C bs , where b s is the number of nonsingular Bohr-Sommerfeld leaves. 

Proof: M can be divided ur|] into an open disk V of radius b < 1 centred 

9 The complex plane will be considered; for an arbitrary open disk the same argument 
works. 
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at the origin, and an annulus W centred at the origin with small radius 
a G (0, b) and an infinite big radius: M = V U W and V fl W is an annulus 
with small radius a and big radius b. It was computed that H k (V; j\ v ) = {0} 
for all k, and since V fl W = (a, b) x S 1 (polarised by circles) it holds, by 
proposition 16. 11 H k (V C\W; <J\ VnW ) — {0} for all k as well. Thus the Mayer- 
Vietoris argument works and H k (M\J) = H k (W; j\ ). It happens that 
W = (a, oo) x S 1 (polarised by circles), and proposition 16.11 concludes the 
proof. ■ 

6.3 Symplectic vector spaces: linear polarisation 

All symplectic vector spaces polarised by lagrangian hyperplanes are 

n 

equivalent to this particular case: (M = <C n ,u = ^ ^Vj) anc i ^ = 

i = i 

\ dyi ' - - - ' dy n I - 

Since (M, u) is an exact symplectic manifold the trivial line bundle is a 
prequantum line bundle for it: L = C x C n with connection 1-form = 

n In 

Y Xjdyj with respect to the unitary section exp i ^ ij 
j ' \ i = i ' 

The solutions of the flat equation, Vs = 0, are complex valued func- 
tions of the type s(xx, . . . , x n , y h . . . , y n ) = h{x x , ...,x n ) exp J2 Xjy^j . 

Therefore, H°(M; J) = {s G T(L) ; Vs = 0} ^ C°°(R n ). 

{ n \ 

Using the unitary flat section r = exp i ^ Xjyj J as basis, if a <g) r G 

~ V i = 1 / 

Sp(L) is closed, wherefore: 

= d v (a <g> r) = d P a <8> r + (-l) fc « A Vr = d P a <g> r . (43) 

Thus Poincare lemma for regular foliations [7J imply that H k (Sp'(L)) = {0} 
for > 1, and theorem 13. II asserts that: 

Proposition 6.3. The quantisation of the cotangent bundle ofW 1 with linear 
polarisation is C oc (R n ). 

This is by no means an example where the techniques developed in this 
paper are used; howbeit, this result is needed below. 

6.4 Direct product type with a regular component 

The following quantisation problem will be considered now: iV = (—1, 1) x 
S 1 endowed with the same structures (symplectic form , polarisation and 
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prequantum line bundle) of the model in subsection 16.14 and (M, u) a pre- 
quantisable symplectic manifold with real polarisation V and prequantum 
line bundle (L, V w ). The product N x M admits (J^) ffi?asa real polarisa- 
tion for the symplectic form da; A dy + u (its complexification will be denoted 
by &\ and also a prequantum line bundle (Jzf, y da:Ad 2/+ a '). 

The vector field generates a hamiltonian S^-action with nontrivial 
holonomy over a dense set; the holonomy of its orbits is given by Qi^i) = 
e i2izx Q emma |4.ij) . Wherefore, proposition 14.31 can be used to show that 
fl°(5,'(JSf)) = {0}. 

For the other groups one has: 

Theorem 6.1. The map V : H k (S,^'(^)) -»■ fl' fc - 1 (S , p'(L)) denned 6?/ 



J_a_(a) 




zs an 


dy 


{Q(7)=l}_ 





*([&]) 

Proof: Let a 



a = a — dy A /?: thus = 7_e_a 

8y 9l/ 



a <g> s G <9|,(jSf); a = dy A /3 + a, where /3 = 2_e_a and 



fly 



0. 



J s_{ol) 

dy 



2- 



(p* t f3e- ux dt ® s 



Ja_(a) 

dy 



{Q(7)=l} 



77 ® s| x=0 



(44) 



where 77 



2- 



(j)* t j3e % x dt . The flow of preserves 77, and therefore, 

{x=0} " 



it belongs to Vt P ~\M). 

For closed ck it holds that 



d v oJi(a; 

dy 



{Q(7)=l} 



(45) 



so 



dpi] 



\x=0 



+ (-1 



,fc-l 



77 A Vs 



{Q(7)=l} 







(46) 



and contraction with gives V_e_s| x= o = 0. 

Therefore, for each point p G M, s\ x= o is uniquely determined by its value 
at (0,0, p) G iV x M by parallel transport along integral curves of ^. This 
means that s\ x= q identifies itself as a section of L: the restriction of Jzf to 
{(0, 0)} x M is a line bundle over M with a connection such that its curvature 
is equal to u, and consequently, it must be isomorphic to L. 



To summarise it, after some identifications, J _§_(■) 



<>y 



{Q(7)=l} 



maps closed 



/c-forms of ^'(Jzf) to closed (A; — l)-forms of Sp'(L), and proposition 14.41 
proves that \I> is injective — the set {Q(j) = 1} is equal to {0} x S 1 x M. 
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Now, given r G T(L), let r G T(Jzf) be an extension of the following 
section defined on {x = 0}: after identifying ■^'\rm \y xM with L, for each 
point p G M, the parallel transport of r(p) by the integral curve of passing 
through p defines a section of J?f over the set {a; = 0}. 

By inclusion ^(M) C ^/(iVxM), and for any [C<g>r] G H k -\Sp'(L)), 
the expression £ = £ ® f defines an element in {££'). 

Via parallel transport (which commutes with the derivation), the form 
d V ^l{Q(7)-i} is completely determined by, the zero form, d v (C(g>r) and lemma 

14.21 provides an a G S^Jzf) such that d v £ = [Q{l) _1 _ !]<*■ Consequently, 

= d^ o d^C = [QCt) -1 - l]d^a , (47) 

implying that a is closed over the dense set {x ^ 0}, and by continuity, a 
is closed. 

As consequence of i_a_( being zero, «7_e_(C) = and equation [191 reads 

dy dy 

[Qfr)- 1 - 1]< = J a o d^C = J jl (Ml)' 1 ~ l]a) = ^(7)^ - l]J f (a) , 

(48) 

which implies J _§_(&) = C where i^O; and again by density and continuity, 

dy 

it must hold true everywhere. This proves that \I/ is onto. ■ 

The theorem still holds if N is replaced by (a, b) x S 1 with (a, 6) HZ = {k}. 
For (a, b) HZ = 0, propositions 14.31 and 14.41 assert that all cohomology groups 
H (Sg?*(Ji? )) vanish; the quantisation of the product is trivial when there is 
no Bohr-Sommerfeld leaf. 

By a Mayer- Vietoris argument, similar to the one of subsection I6.2[ one 
can compute the product quantisation for (a, 6)flZ = {ki, . . . , kb a }: the cover 

.4 = {^}je{i,...,&.}, where Al = ( a ' fcl + 3 / 4 ) x M ' ^ = ~ 3 / 4 ' b ) x M 
and = (fcj — 3/4, fcj + 3/4) x M suffices (supposing ki < k 2 < ■ ■ ■ < fc&J. 

Corollary 6.1. Assuming that the Kostant complex is a fine resolution for 
the sheaf of fiat sections of L, the quantisation of the product between a 
cylinder polarised by circles and an arbitrary quantisable manifold M is a 
direct sum ofb s copies of Q(M); where b s is the number of Bohr-Sommerfeld 
leaves with respect to the quantisation of the cylinder. 

6.5 Direct product type with an elliptic component 

The quantisation problem to be considered here is: N = {(x, y) G C ; x 2 + 
y 2 < 1} endowed with the same structures (symplectic form , polarisation 

10 One might also use a global argument as in subsection 16.11 instead. 
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and prequantum line bundle) of the model in subsection 16.21 and (M, u) a 
prequantisable symplectic manifold with real polarisation V and prequantum 
line bundle (L, V w ). The product N x M admits (-y-^ + xf-) ®V as a real 
polarisation for the symplectic form dx A dy + u (the complexification of it 
will be denoted by and also a prequantum line bundle (jSf , v dxAdy+w ). 

The group H (S&>*(Jf)) is trivial because X = —2y-^ + 2x-^ generates a 
hamiltonian S^-action with nontrivial holonomy over a dense set; lemma ETT1 
gives Q(^y) = e l27T ( x +y ' for the holonomy of its orbits, wherefore, proposition 
14.31 holds. Whilst for higher order groups, one needs to note that the set 
{Q(l) = 1} is equal to {(0,0)} x M, and that (0,0, p) are fixed points for 
any p G M; thus the operator J x is the null operator when restricted to 
{(0,0)} x M. Therefore, by applying proposition S3J H k (S&'(5?)) = {0} 
for k > 1. 

By a Mayer- Vietoris argument similar to the ones used in subsections 16.21 
and El 

Proposition 6.4. Assuming that the Kostant complex is a fine resolution 
for the sheaf of flat sections of L, the quantisation of the product between 
an open disk polarised by circles and an arbitrary quantisable manifold M is 
a direct sum of b s copies of Q(M); where b s is the number of nonsingular 
Bohr-Sommerfeld leaves with respect to the quantisation of the open disk. 



6.6 Neighbourhood of a Liouville fibre 

The Liouville theorem for integrable systems provides a symplectic normal 
form for a neighbourhood of a regular fibre. What follows is the computation 
of the quantisation of that model. 

Let M = R n x (R"- fe x T fc ) and < k < n, where T k = R k /2nZ k , 
with coordinates (x±, . . . , x n , yi, . . . , y n -k, • • • , y n ) and symplectic form oj = 

n 

^2 dxj A dy,j. It admits as a real polarisation V = (^-, . . . , ^f - ), and since 
j = i 

(M, u) is an exact symplectic manifold, it also admits as a prequantum line 

n 

bundle L = C x M with connection 1-form 6 = X] x jdyj with respect to 

I n \ 

the unitary section exp \i ^2 Xj J . 

V ^ = 1 / 

The next proposition computes the contributions to geometric quantisa- 
tion for each trivialising neighbourhood of a lagrangian fibre bundle. 
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Proposition 6.5. H k+l (S P '(L)) = {0} for all I ^ and 

C°°(R n ~ k ) , ifk^n 



Proof: Supposing k ^ n, when M is written as (R x 5 1 ) x C" it 



becomes clear that the use of theorem 16.11 (more precisely, corollary 16. ip 
k times reduces the problem of computing the quantisation of M to the 
computation of the quantisation of C n_fc ; which by proposition 16.31 is just 
C°°(R n ~ fc ). xf A: = rz, one just need to apply theorem 16.11 n — 1 times, and 
then proposition 16. II to conclude. ■ 



6.7 Neighbourhood of an elliptic fibre 

Toric, or locally toric, manifolds also have a normal form for a neighbour- 
hood of its fibres, even if they are singular; Zung [12J attributes this normal 
form to Dufour and Molino and Eliasson. The model is described below, as 
well its quantisation. 

n 

For < k < n, let (M = R n+k x T n ~ k ,u = £ d%j A d%), with coor- 

i = i 

dinates (%,..., x n , yi, . . . , . . . , y n ), and F : M — > R n be a nondegenerate 
integrable system of elliptic type, i.e.: 

F(xx, . . . ,x n ,y u . . .,y n ) = (x\ + yf,...,x 2 k + y\, x k+1 , ...,x n ) . (50) 

The real polarisation in this case is V = (~Vi-£^ + • • • > ~Vk~£^ + 

Xfc a^' dyt+i ' ' ' ' ' df - ^' an< ^ s i nce {M-,l<j) is an exact symplectic manifold, it 
also admits as a prequantum line bundle L = C x M with connection 1-form 

k n 

8 = 5 J] ( x jdyj —yjdxj) + E ^jd^- with respect to the unitary section 

i=i " j=fe+i 



exp 



k n 

i E (x] + y]) + i E %j 

j=l j=k+l 



Proposition 6.6. Q(M) = C bs , where b s is the number of nonsingular Bohr- 
Sommerfeld fibres. 

Proof: One can first use proposition [63] k times, then corollary 16 . 1 1 n — k — 1 
times, and finally proposition 16.11 ■ 
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It is important to notice that when applying proposition 16.41 and corollary 
16.11 one is only computing the cohomology groups of the underlying Kostant 
complex — theorem 13.11 is not being assumed. In fact, if it was considered 
x\ + yf, . . . , x\ + y\ < 1, the previous proof would give that all cohomology 
groups vanish when k ^ 0. This proves that the Kostant complex com- 
putes geometric quantisation when the polarisation is given by a locally toric 
singular lagrangian fibration, theorem 13.11 

6.8 Focus-focus contribution to geometric quantisation 

Let F = (/i,/2) : M 4 — > R 2 be an integrable system for a prequanta- 
sible (M A ,u), with a nondegenerate focus-focus singular fibre iff which is 
Bohr-Sommerfeld. In [13J it is demonstrated the existence of a neighbour- 
hood of iff over which / 2 generates, via its hamiltonian vector field flow, a 
hamiltonian S^-action. 

In a small enough neighbourhood W of a singular point of a focus- 
focus Bohr-Sommerfeld fibre J x is the null operator over the points where 
{Q(l) = lj- Indeed, near a singular point of iff the symplectic local model 
is given bjO, W = C 2 with coordinates (xi,x 2 ,y, 1 ,2/2), L\w = C x C 2 with 
connection 1-form 

6 = -{xxdyx - yidxi + x 2 dy 2 - y 2 dx 2 ) (51) 

with respect to the unitary section q 1 ( x ^- x ^) . The integrable system takes 
the form 

F(x 1 ,x 2 , yi, y 2 ) = {x^t + x 2 y 2 , x x y 2 - x 2 y x ) , (52) 
and therefore the polarisation is generated by 

d d d d . o . 

Xi = -x x - x 2 - Vyi- \-y2T— (53) 

ox 1 ax 2 ay 1 oy 2 

and 

9 d d d . A . 

X 2 = x 2 - xt- \-y 2 - yi-z— ■ (54) 

0x1 ox 2 oy\ oy 2 

The hamiltonian vector field X 2 is the generator of the S^-action. Its 
periodic flow is given by: 

4>t(xi, x 2 , yi, y 2 ) = (xt cost+x 2 sint, x 2 cost— xi sint, y\ cost+y 2 sint, y 2 cost— y\ sint) 

(55) 



n Zung [T21[T3] cites Eliasson, Lerman and Umanskiy and Vey, but this particular model 
appears in Eliasson's thesis, Normal forms for Hamiltonian systems with Poisson commut- 
ing integrals (1984). 
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By lemma 14.14 the holonomy of its orbits is 

Q( 7 ) = ^M^V2-X2Vl) _ ( 56 ) 

Now given any a G 5],, (L\w), using the unitary section e^ 12 ' 2-2 ^ 1 ), it 
can be written as 



a. = a<&>e 



i(xiy2-X2yi) 



[a 1 dx 1 +a 2 dx2+a 3 dy 1 +a 4 dy 2 \^e iixiy2 - X2yi) and (57) 



^2 0i a [xi ,X2 , yi , y2 ) ° ! 4 l t(xi,x2,yi,y2 

= «i o t (xi,x 2 , 2/i, 2/2) (-£1 sin t + x 2 cost) 
+a 2 o 4> t (xi,x 2 ,yi,y 2 )(-x 2 sint - x x cost) 
+a 3 o <p t (xi, x 2 ,yi, 2/2) (-2/1 sint + y 2 cost) 
+o 4 (f) t (xi,X2,yi, 2/2) (-2/2 sin t - 7/1 cost) . (58) 

Therefore, using the unitary section e*( a;i2/2_X2?/1 ), the expression J x(&) at 
a point (xi, x 2 , 2/1, 2/2) near the singular point is: 



Jxiot) 



2tt 



(x 2 ai - xia 2 + y 2 a 3 - yia 4 ) o <j) t e 



-it(x 1 y 2 -x 2 y\) 



cost dt 



2tt 



(xi«i + x 2 a 2 + 1/10:3 + 3/2014) o t e" 



-it(x 1 y 2 -X2yi) 



sint dt 



3 «(a;ij/2-a:2?/i) 



The following upper bound proves that this is zero over the set {(xi, x 2 , y±, y 2 ) G 
C 2 ; X\y% — x 2 yi = 0} (the points where Q(j) = 1): 



\Jx{ot)\ < 



max (x 2 ai - x±a 2 + y 2 a 3 - 2/10:4) ° <j) t 

te[0,27r] 



2tt 



+ 



max (xiOii + x 2 a 2 + 1/10:3 + 2/2O4) o <j) t 



e -it(x iy2 -x 2yi ) CQst df 
2tt 



-it(x 1 y 2 -X2y\) 



sint dt 



max (x 2 «i - a;iQ: 2 + y 2 a 3 - 3/10:4) o <\> t 

te[0,27r] 



{x x y 2 - x^ie-^ 1 ^ 2 ^ - 1) 



+ 



max (xiOi + x 2 a 2 + y x a 3 + y 2 aA 

tG[0,27r] 



(xxy 2 - x 2 y x ) 2 - 1 

e -i2Tr(x 1 y2-x 2 yi) _ ^ 



(x x y 2 - x 2 y x ) 2 - 1 



(59) 



This can be interpreted as a constructive proof of the Poincare lemma 
needed for the proof of theorem [3J] when the real distribution of a 4-dimensional 
manifold has focus-focus singularities. 

Proposition 6.7. In the neighbourhood of iff over which a hamiltonian S 1 - 
action is defined there exists a neighbourhood V containing only iff as a 
Bohr-Sommerf eld fibre such that H°(V; j\ v ) = {0}. 
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Proof: Lemma 14.11 guarantees that the holonomy of the orbits of the 
hamiltonian S^-action is nontrivial over a dense set in V, hence proposition 
14.31 asserts that there are no nonzero flat sections on V. ■ 

This partially answers a conjecture from Hamilton and Miranda about 
how focus-focus singularities behave under geometric quantisation: they con- 
jectured that focus-focus singularities do not contribute to geometric quan- 
tisation. 

Believing that the conjecture is true one could try to use proposition 14.41 
to prove it for the neighbourhood V. The first obstacle is that = 1} 

is not a submanifold, and one needs to prove that J x is the null operator 
over the points where {Qij) = 1}- Another approach would be to prove only 
the exactness of J x and check out convergence over the singular points of 
{Q{l) = !}• The second obstacle is that symplectically the neighbourhood 
V, as a singular fibre bundle, can be tangled, and a complete answer for the 
quantisation of V might depend on it. 

7 Applications II: global computations 

7.1 Fibre bundles 

In [8] Sniatycki studies the case when the polarisation is a lagrangian 
fibration. He uses a resolution of the sheaf and proves the vanishing of the 
groups H l (M; J\ for I ^k\k being the rank of the fundamental group of a 
fibre. 

Theorem 7.1 (Sniatycki). If the leaf space N is a manifold and the natural 
projection F : M — >■ iV is a lagrangian fibration, then Q(M) = H h (M; J) , 
and H k (M; J) = H°(£ B s] J\l BS ), where ^bs C M is the union of all Bohr- 
Sommerfeld fibres. 

A slightly different proof of his theorem is given here when k ^ 0. When 
k = there is no symplectic circle action and the techniques presented in 
this paper are of no use, wherefore, apart from the presentation, the proof is 
the same as the original one and is omitted. 

Any atlas of the leaf space satisfies that the projection T : M — > N on 
each open set V of the atlas is a moment map; F : F~ l {V) — > R n (assuming 
dim(M) = 2n) is the composition of the restriction of T to J r_1 (l / ) with the 
coordinate system over V. 

The open sets F~ l (V) are just the model in proposition 16.51 with a fixed 
number of Bohr-Sommerfeld fibres, thus the quantisation of it is just a sum 
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of copies of C, or C 00 (R n_fc ), depending of the value of k, for each Bohr- 
Sommerfeld fibre. 

Assuming that k ^ 0, so that theorem [5J] can be used, the atlas can — and 
it will — be chosen in such a way that no Bohr-Sommerfeld fibre is contained 
in more than one of the open sets F~ l {y). In particular, if V and W are 
two open sets of the atlas such that V D W ^ 0, then F~ l (V) fl F~ l (W) has 
no Bohr-Sommerfeld fibre. Proposition 15.11 implies that one of the periodic 
hamiltonian vector fields of the components of F has orbits with nontrivial 
holonomy over J-" -1 (V) fl J : ~ 1 {W) : thus by proposition 14.41 its quantisation is 
just the trivial vector space {0}. This means that a Mayer- Vietoris argument 
works for the cover {J 7 " 1 ^)} of M, and this finishes the proof for k ^ 0. 

Remark 7.1. Sniatycki works with the prequantum line bundle twisted by 
a bundle of half forms normal to the polarisation, and here the result is 
presented for the nontwisted prequantum line bundle. As it was mentioned 
before, the techniques used here apply to any complex line bundle admitting 
a flat connection along the polarisation; the only difference being that the 
Bohr-Sommerfeld fibres may not be the same. 

7.2 Locally toric manifolds 

Hamilton [3] has shown, via Cech approach, that Sniatycki's theorem 
holds for locally toric manifolds and that the elliptic singularities give no 
contribution to the quantisation: 

Theorem 7.2 (Hamilton). For M a In- dimensional compact symplectic 
manifold equipped with a locally toric singular lagrangian fibration: 

Q(M) = H n {M- J) = C , (60) 

peBSr 

BS r being the set of the regular Bohr-Sommerfeld fibres. 

Remark 7.2. Regarding metaplectic correction, contrary to Sniatycki's, 
Hamilton's result does not include a twisted prequantum line bundle. Us- 
ing the framework described in this paper, it is straightforward to twist the 
prequantum line bundle by a bundle of half forms normal to the polarisation 
and achieve the same result; only noticing that the Bohr-Sommerfeld fibres 
may not be the same. 

The previous reasoning used for the fibre bundle case works in this sin- 
gular setting. This provides a proof for Hamilton's theorem via a de Rham 
approach. 
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A locally toric singular lagrangian fibration on a symplectic manifold 
(M,uj) is a surjective map J 7 : M — > iV, where iV is a topological space 
such that for every point in N there exist an open neighbourhood V and a 
homeomorphism x : V — > U c{-2GR fc ; z>0}x R"~ fc satisfying that 
wlj.^^, x ° •^Ij^-irv)) * s an integrable system symplectomorphic 
to an open subset of the model of proposition 16.61 

Hence, by definition, the open sets J r ~ 1 (\^) are just the model in proposi- 
tion l6.6l with a fixed number of Bohr-Sommerfeld fibres, thus the quantisation 
of it is just a sum of copies of C, or {0}, depending on the fibre dimension, 
for each Bohr-Sommerfeld fibre. 

Choosing an open cover for N in such a way that no Bohr-Sommerfeld 
fibre is contained in more than one of the open sets J r ~ 1 (V A ) (theorem 15.11 
allows one to make this choice), if V and W are two open sets of the atlas 
such that Vf)W ^0, then 7" _1 (V r ) n F^iW) has no Bohr-Sommerfeld fibre. 
Proposition 15.11 implies that one of the periodic hamiltonian vector fields of 
the components of the integrable system has orbits with nontrivial holonomy 
over J r ~ 1 (V)nJ r ~ 1 (W), wherefore, by proposition 14.41 its quantisation is just 
the trivial vector space {0}. This means that a Mayer- Vietoris argument 
works for the cover {^ r ~ 1 (^)} of M, and this finishes the proof. 



7.3 Almost toric manifolds 

As it was seen from the quantisation of lagrangian fibrations and locally 
toric manifolds, quantisation of neighbourhoods of Bohr-Sommerfeld fibres 
computes the quantisation of the whole manifold. Consequently, if one knows 
how to compute, in dimension 4, the first and second cohomology groups for 
a neighbourhood of a focus-focus fibre, one is able to compute the quantisa- 
tion for the almost toric case using the factorisation tools (corollary 16.11 and 
proposition 16. 4p . 

For example, if M is a 4-dimensional compact almost toric manifold, 
BS r and BSjf are the image of the regular, respectively focus-focus, Bohr- 
Sommerfeld fibres by the moment map, and V neighbourhoods of focus-focus 
fibres admitting a hamiltonian S^-action: 

Q( M ) = 0C ffi H\V- J\ y ) © H\V- J\ v )\ . (61) 
\peBSr J \peBSff I 



References 

[1] Glen E. Bredon, Sheaf Theory, Springer, 1997. 



27 



[2] Victor Guillemin and Shlomo Sternberg, The Gelfand-Cetlin System 
and Quantization of the Complex Flag Manifolds, Journal of Functional 
Analysis 52, 106-128 (1983). 

[3] Mark Hamilton, Locally Toric Manifolds and Singular Bohr-Sommerfeld 
Leaves, Memoirs of the American Mathematical Society, 971 (2010). 

[4] Mark Hamilton and Eva Miranda, Geometric quantization of integrable 
systems with hyperbolic singularities, Ann. Inst. Fourier (Grenoble) 60, 
no. 1, 51-85 (2010). 

[5] Bertram Kostant; Quantization and Unitary Representations Part I: 
Prequantization; Lectures in modern analysis and applications, III, pp. 
87-208, Lecture Notes in Math., Vol. 170, Springer, Berlin (1970). 

[6] Eva Miranda, On symplectic linearization of singular Lagrangian folia- 
tions, Ph.D. Thesis, Universitat de Barcelona, 2003. 

[7] John H. Rawnsley, On The Cohomology Groups of a Polarisation and 
Diagonal Quantisation, Transactions of the American Mathematial So- 
ciety, Volume 230, 235-255 (1977). 

[8] Jedrzej Sniatycki, On cohomology groups appearing in geometric quanti- 
zation, Differential Geometric Methods in Mathematical Physics I, 1975. 

[9] Romero Solha (joint work with Eva Miranda), Geometric quantisation 
of integrable systems with nondegenerate singularities, Geometric Quan- 
tization in the Non-compact Setting, Oberwolfach Reports, Volume 8, 
Issue 1, 505-507 (2011) 

[10] Hector J. Sussmann, Orbits of families of vector fields and integrability 
of distributions, Transactions of the American Mathematical Society, 
vol. 180, June 1973. 

[11] Alan Weinstein, Lecuture on Symplectic Manifolds, Regional Conference 
Series in Mathematics 29, Amer. Math. Soc, Providence, 1977. 

[12] Nguyen Tien Zung, Symplectic topology of integrable hamiltonian sys- 
tems, I: Arnold- Liouville with singularities, Compositio Mathematica, 
tome 101, no. 2, p. 179-215 (1996). 

[13] Nguyen Tien Zung, A note on focus-focus singularities, Differential Ge- 
ometry and its Applications, 7, 123-130 (1997). 



28 



